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Abstract 

We propose a novel inflationary scenario in string theory in which the inflaton field is a Wilson 
line degree of freedom in the worldvolume of a probe Dp-brane, in a warped flux compactification. 
Kinetic terms for Wilson line flelds on the world volume of a D-brane take a nonstandard Dirac- 
Born-Infeld (DBI) form. Thus, wc work in the framework of DBI inflation. This extends the 
original slow roll Wilson line inflationary scenario, where only the quadratic piece was considered. 
Warped DBI Wilson line inflation offers an attractive alternative to ordinary (position field) 
DBI inflation, inasmuch as observational and theoretical constraints get considerably relaxed. 
Besides the standard large non-Gaussianities in DBI scenarios, it is also possible to achieve an 
observable amount of gravitational waves. 
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1 Introduction 

Recent years have seen remarkable developments in the program of constructing cosmological mod- 
els of inflation within string theory (for recent reviews see [1,2]). However, we are still far from 
having explored all possible constructions and further possibilities continue to appear. Warped 
D-brane inflation, where a brief period of accelerated expansion of the universe is produced by the 
motion of a D-brane propagating in a warped throat, has received considerable attention [1-4]. 
In particular the Dirac-Born-Infeld (DBI) inflationary scenario [4] constitutes an attractive model 
with characteristic features. In this model, a probe D-brane propagates relativistically in a warped 
compactification a la GKP [5,6] (that is, internal fluxes are switched on, such that most of the closed 
string moduli get stabilised [7] and a warped throat is formed). The brane dynamics is described 
by the DBI action, which contains non standard kinetic terms for the scalar fields associated to the 
brane's positions, acting as the inflaton(s) [4,8-14,16,17]. A particular feature of the DBI scenario 
is that the sound speed of the fluctuations in the inflaton, can be much less that the speed of light, 
producing potentially large non-Gaussian signal in the density perturbations [4]. 

However, position DBI inflation has been put under severe theoretical and observational con- 
sistency constraints recently [2,9-11,15,16]. It was pointed out in [9,10,16], that inconsistent 
constraints on the scalar to tensor perturbations are obtained for single position field DBI models, 
both for D3-branes or wrapped branes. On the other hand, theoretical backreaction constraints 
associated to the brane's high speed motion and the deformation of the background geometry, 
encoded in the warp factor, have been pointed out in [2,4,9,11,15]. 

In this paper we discuss a different DBI scenario, where the consistency bounds can be consid- 
erably relaxed and moreover, potentially observable gravitational waves can be generated. We start 
from the observation that in string compactifications, there are in general other open string mod- 
uli, besides position fields. In particular, the so called Wilson Line (WL) moduli can be present. 
These fields have been widely used in phenomenological attempts to construct realistic models of 
particle physics in string theories [18]. In type II string theory, Wilson line degrees of freedom 
can be turned on the world volume of Dp-branes, along their internal wrapped {p — 3) dimensions. 
Wilson line fields appear in the DBI action describing Dp-branes as constant gauge fields, which 
have interesting physics when turned on non contractible loops. Thus, just as position moduli, they 
acquire nonstandard DBI kinetic terms. It is then natural to ask, how the DBI picture changes, 
when the infiaton fields are identified not with position fields, but with WL modes, which can also 
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be present in warped compactifications. In such a picture, the source of supersymmetry breaking 
is provided by a constant magnetic flux hving on the world volume of the D-brane. It is known 
that Wilson lines are T-dual to brane positions, whereas magnetic fluxes are dual to branes at 
angles [19,20]. Therefore, an interesting consequence of having WL's playing the role of inflatons 
in a warped compactification is that in principle, such a model can be T-dualised to a model with 
D-branes at angles, where brane positions play the role of the inflaton. Thus, it provides a warped 
version with (partial) moduli stabilisation, of the models studied earlier on in [21]. Moreover, WL 
have already been used as inflaton fields in a slow roll Wilson Line inflationary model in [22]. In 
that case, one concentrates only in small derivatives, expanding the DBI action for the WL, which 
produces standard kinetic terms for the WL fields. 

In this paper we study cosmological and theoretical constraints of DBI Wilson line inflation 
in a warped background, where most closed string moduli are stabilised by fluxes. We call this 
scenario Warped Wilson Line DBI inflation. We consider a probe Dp-brane wrapping a (p — 3)-cycle 
in a warped supergravity background. We then turn on Wilson lines as well as magnetic flux (as 
mentioned above, the magnetic flux has the job of breaking supersymmetry to generate a potential 
for the Wilson lines) on its world volume. We concentrate in a single WL field, and assume that 
the open string moduli fields associated to the position of the Dp-brane have been stabilised. At 
this stage we do not provide a precise mechanism to do this, but it could be realised along the 
lines of [23jl. We derive theoretical constraints as well as cosmological bounds on the tensor to 
scalar ratio for the WL DBI inflation. We find that, contrary to ordinary position DBI, Wilson line 
DBI inflation can be in agreement with theoretical approximations, as well as with observational 
constraints. Moreover, there exists a region of theoretical parameters where warped WL inflation 
can give a detectable gravitational wave spectrum, besides large non-Gaussian perturbation^. 

We would like to stress that in our present investigation, we adopt a phenomenological approach. 
Therefore, at this stage we do not try to construct a concrete warped throat, which possess the 
required properties to embed a Wilson line DBI inflationary scenario. That is, such that (p — 3)- 
cycles exist, which contain (at least locally) non trivial one-cycles where the Wilson lines can 
be turned on. Finding such geometries is not a trivial task. However we believe that further 
developments of the theory will certainly provide the theoretical set up needed. 

The structure of the paper is as follows. Section [2] contains a general description of the warped 
Wilson line DBI set up. We calculate the DBI and Wess-Zumino actions for general number 
of position as well as Wilson line fields, and couple the system to gravity in order to study its 
cosmological implications. In section [3] we explore the cosmological implications of single Wilson 
line field inflation. We find theoretical constraints on the DBI Wilson line inflaton as well as 
cosmological bounds on tensor perturbations. We show that there exist regions of the parameter 
space where all constraints can be satisfied, providing a novel model of DBI inflation which can 
produce observable non-Gaussianities as well as gravitational waves. We conclude in section [H 



2 General set up 

In this section we derive the general action and equations of motion for a wrapped probe Dp or 
anti-Dp-brane moving through a warped flux compactification in type IIB string theory. 

We start by specifying the ansatz for the background fields and the form of the probe brane 
action. In a warped flux compactification in type IIB theory, the ten dimensional metric takes the 
following general form (in the Einstein frame) 

GMNdx^'dx^ = dx^dx" + h^/^ gABdy^dy^ . (1) 

^This technology has been apphed to slow roll Wilson line inflation [22]. 

*A class of position inflation models with these two properties was proposed recently in [14]. 
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Here h is the warp factor which depends on the compact coordinate^ y^. The internal metric 
QAB depends also on the internal coordinates y"^. In a general flux compactification in type IIB 
theory, all fluxes are turned on: RR forms -F„+i = dCn for n = 1,3,5 and their duals n = 7, 9 
(remember also that is self dual), as well as NSNS flux = dB2. These fields have only compact 
components, thus the duals have legs in all four infinite dimensions plus the relevant components 
in the internal ones. Besides these fields, the dilaton is in general active, and usually, it is also a 
function of the six dimensional coordinates, (j) = (j){y). 

We now embed a probe Dp-brane (or anti-brane) in this background, which has four of its 
dimensions parallel to the four infinite dimensions and {p — 3) spatial dimensions wrapped along 
an internal {p — 3)-cycle. The motion of such a probe brane is described by the sum of the Dirac- 
Born-Infeld (DBI) and Wess-Zumino (WZ) actions. The DBI part is given, in the Einstein frame, 

Sdbi = -fip j <F^^^ V" det(7af> + e-^^afe) , (2) 
where the tension of a Dp-brane in the Einstein frame i^ 

Tp = fip e-^^ with /xp = (27r)-P(a')"^^+^)/^ . 

Further, Tab = Sab + ^ira' Fab, with B2 the pullback of the NSNS 2-form field on the brane, F2 the 
world volume gauge field and jab = Gmn daX^^di,x^ the pullback of the ten-dimensional metric 
in the Einstein frame. Finally, a' = l1 is the string scale and are the brane world-volume 
coordinates. Here, and in what follows, we label the coordinates using the following indices 

M, = 0, 1, . . . , 9 all lOD coordinates 

j4, S = 4, . . . , 9 all 6D coordinates 

/i, = 0, 1, . . . , 3 all 4D coordinates 

a, 6 = 0, 1, . . . ,p all worldvolume coordinates 

m, n = 4, . . . ,p internal (p — 3) worldvolume coordinates 

i, j=p-|-l, ...,9 internal transverse to brane coordinates 

The action ([2]) is reliable for arbitrary values of the gradients daX^ , as long as these are 
themselves slowly varying in space-time. That is, for small accelerations compared to the string 
scale (equivalently, for small extrinsic curvatures of the brane worldvolume) . In addition, the string 
coupling at the location of the brane should be small in order for the perturbative expansion to 
hold, i.e. <C 1, where Qs = e'^°. 

In a background with all fluxes turned on, a brane with nonzero two form flux on it, has a 
general Wess-Zumino action of the form 

Swz = q fip jS^Cn ^ , (3) 



where C„ are the pullbacks of the background C„ forms present, F = B + 2'Ka'F as defined before, 
and the wedge product singles out the relevant terms in the exponential. Also Wp+i is the world 
volume of the brane and q = 1 for a probe Dp-brane, while q = —1 for a probe anti-brane. 



^The warp factor is often a function of a single radial like coordinate but in more general configurations, it can 
also depend on the angular coordinates (see e. g. [24]). 
® In the string frame, the DBI action is given by 

Sdbi ^ -f^p J d'''^^^ e~''' det{^ab + J^ab) ■ 

4 , 

In D dimensions, the Einstein and string frames are related by G^jj^ = e (d-2) G%jj^. 
^Notice that for a D3-brane, Tp = /ip in the Einstein frame. 
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In type IIB string theory with internal fluxes, the contributions to the WZ action from D5 and 
D7 branes, to order (a')^ are given 



S5WZ = 



/ [Ce + C4 A {B2 + 27ra'F2)] , 



S7WZ = qi^7 




2 



F2 AF2 



) 



(4) 



2.1 Wilson Line DBI Kinetic Terms 

Before computing the determinant in ([2]), we first review how Wilson line fields arise in the present 
set up. Wilson lines correspond to constant background gauge potentials, Ai = const, which can 
give interesting physics when turned on spaces of nontrivial topology. Consider a constant gauge 
potential Ai, with corresponding field strength F2, subject to gauge transformations A ^ A + dA 
leaving F invariant. Given a closed path 7, a Wilson line is a gauge invariant quantit}j£|, which can be 
defined as a path ordered exponential of the line integral of the gauge field along 7, CXy = P exp §^ A , 
where P stands for path ordering. If 7 is contractible, one can use Stokes' theorem to trade the line 
integral along 7 for a surface integral over the region C enclosed by 7: = V exp F . Further, 
if C is simply connected, the Wilson line is trivial whenever the magnetic field is zero, F = 
{U^ = 1). However, when C is not simply connected, one can have -F = but [/-^ 7^ 1 in a gauge 
invariant fashion. Thus, in manifolds of nontrivial topology, Wilson lines can give rise to physical 
effects, even if the actual magnetic field is zero. 

When turned on Dp-branes wrapping [p — 3) internal dimensions in a compact six dimensional 
space, these degrees of freedom correspond to scalar fields from the four dimensional point of 
view. In order to see this, notice that the magnetic field living on the brane F^b has three types of 
components -Fmn, F^y and F^n- We want to preserve Lorentz invariance in the four large dimensions, 
therefore we take F^y = 0. Further, a constant Fmn 7^ corresponds to internal magnetic flux, 
which in general breaks super symmetry. This can be easily understood from a T-dual picture 
where D-branes with magnetic flux correspond to branes at angles [19,20]. For a generic set of 
angles, supersymmetry is broken [25]. Nevertheless, Fmn = can give rise to a Wilson line, if say 
Fmn = dmAn — dnAm = 0, that is An are independent of the internal coordinates and there exists 
a non trivial topology in the {p — 3)-cycle wrapped by the Dp-brane (i. e. the flrst homotopy group 
of the cycle is nonzero). Notice that An can still depend on the large four dimensions, thus giving 
rise to a non vanishing component F^n- This is, from the four dimensional point of view, the scalar 
field associated to the Wilson lines. These fields do not break supersymmetry, which again can be 
understood from a T-dual point of view, as they correspond to Dp-brane positions [19,20]. That is, 
they are open string moduli of the theory. In what follows, we consider Wilson line field^^ as well 
as constant internal magnetic fields on the probe brane, which break supersymmetry generating a 
potential for the WL's as shown in [22]. 

We work in static gauge, identifying the non compact worldvolume coordinates with the corre- 
sponding spacetime coordinates, ^'^ = x^, while allowing for the moment the {p — 3) background 
coordinates wrapped by the brane to be functions of the compact worldvolume coordinates only, 
yTTi _ "We also allow the background coordinates transverse to the brane to be func- 

tions of the large four dimensional worldvolume coordinates, = With these choices, the 

^Remember that the forms Cs and Ce are the duals of Co and C2 which are present in a flux compactiflcation. 
^Here we are only interested in the Abelian case. 

^"in a slight abuse of terminology we refer to A„ as the Wilson line, instead of the object U-y. This should not 
cause any major confusion in what follows. 
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components of the induced metric on the brane worldvolume are: 



Itiu - '^tj.u + (Jij , Imn - '^Ir ■ [0) 

Similarly, the pullback of the NS two form field has components 

It is now clear that the matrix in the DBI action ([2]) has the general form 

2Tia'e 2Fnu Emn J 



where we defined Emn = lm.n + [Bmn + '^'^OL Fmn) ■ The four dimensional contribution to the pull 
back of the NSNS two form, B^p (see eq. ^) will be in general nonzero. For cosmological purposes, 
we will be interested in homogeneous configurations. In that case, it is easy to see that this term 
vanishes. Notice however that it will be important for the study of cosmological perturbations with 
multiple position fields when NSNS flux is present (both in slow roll and DBI scenarios). How this 
type of terms affect the resulting perturbation spectrum in the multifield case, will be discussed 
elsewhere [27]. Since we will be mostly interested in a single field case in next section, from now 
on, we simply ignore this term. 

At this point, we can use the identity 

det ^ D ) " "^"^^^-^^ ~ BD-^C) , (8) 

to compute the determinant. Using this expression and defining the inverse of E^an with upper 
indices such that E^nE^^ = ^^^d 

det[7afe + J'ab] = det[Eran] det[G^, + d^y'd^y^Gij + (2^a')'e-^F^n^"'"i^.m] 

= h-^ dei[Emn] dei[g^p] det[5^ + h d^y'd.y^g,, + h^/^{2T:a'fe-^d'' And.AmE^'^] , 

(9) 

where we have used that G^p = h~^/'^g^^, Gij = h^^'^gij and = 9^j4„ (thus from now on 
contractions are done using gMN)- Now we can use general expressions for the determinant of a 
4x4 matrix to compute the last determinant in the previous equatioil^ and express it as follows 



det [5^ + HyY^yI] = 1 + HyY^Yl + H^Yj^Y^Y^ y/ + HI.Y}''yJYj%^Y^^ Y. 



A 



+H^yMYj%'Y^Y,^Y;^W^\ (10) 

where Yf = d^Yi with Y^ = {y\ A^) and Hy = {h, h^/'^{2-Ka' fe-'t'). Also note that in the 
above equation should be understood as a shorthand for HyiHyj, and similarly for higher powers 
of Hy. Thus, this expression includes all fields present, and one must remember that contraction 
of y is done with the metric g^j, whereas that of A is done with i?"^". Antisymmetrisation is done 
with respect to greek indices. In order to see how this expression looks in terms of the position 
and Wilson line fields, we write explicitly the determinant for the two-field case (one position field 
y and one Wilson Line A), keeping in mind that when more fields are present, one should use 
equation (flO]) . 



See e. g. Appendix 1 of the second reference in [17]. 
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With these considerations in mind, we arrive at the general expression for the DBI action 
(remember that the internal pieces (m, n) depend only on the compact dimensions) 

Sdbi = -f^p J dP'^^e^'^ VWe^ J d^xh'^ ^-det(5^,) 



x^l + h {dyf + /ii/2(27ra')2e-'^ {dAf + h^/'^(2-Ka'Ye-^{dyY{dAY - h^/'^{2TTa'Ye-'t> {dy ■ dA^ . 

(11) 

Taking further a static gauge for all worldvolume coordinates, that is = {x^, y"), we simply have 

Imn = h^^'^gmn and also Bmn = Bmn- ThuS Emn = h^^'^gmn + e"2 (S^n + 2TTa'Emn)- 

At this point we can simplify the kinetic terms by observing that the contribution of the magnetic 
field to i?"*" vanishes, because the components Fmn are always transverse to the Wilson lines. 
Further, we can consider a configuration such that i?"*" in eq. (|lip can be replaced by E'"^"^ 
j^-i/2gmn such that the Bmn contribution vanishes). Taking this into account and defining 

the gauge potential as 

An = ^, (12) 

where is the size of the 1-cycle where the Wilson line is turned on, and A„ G ^^jy we end 
up with 



J fit/ j 



Sdbi = -f^p J d^"'^ e^'^ v'det(S^„) J d^x h'^ ^^d^ 

x^l + h {dyY + {2T:a'Ye-'t> {d{\/L)f + {2^a'Ye-'i>{dyY {d{\/L)Y - {2T:a'Ye~^{dy ■ d{\/L)Y , 

(13) 

in the two field case. We can now define the canonically normalised fields associated to the brane 
positions and Wilson lines as follows: 



/(vp) = h-^ fip I d^-^e Vdet{Emn) , (14) 

1/2 



dip 



dx 



^ip j #-3ee^<^v^dit(s; 



dy , (15) 



dX. (16) 



L2 

Using these definitions, the DBI action for the position and WL fields becomes. 



Sdbi = j d'^x^/^ficp) 



(17) 

where we have abbreviated det{g^jy) = g and remember that we are considering only two fields. 
However, this expression can be easily generalised to the case when more than two fields are present. 
What is important is to notice the mixing between position and WL fields. These terms can give 
interesting effects when considering situations where both types of fields play a role in infiation. 
Notice also the difference arising among the two types of fields, Wilson line moduli and position 
moduli, due to their different origin. The WL fields get a multiplicative factor that is the inverse 
of the internal background metric 5™", which is of course, independent of the WL fields. Instead, 
the position fields are contracted with the internal metric which can depend on all the position 
fields themselves. This is also a difference with the flat Wilson line standard slow roll inflationary 
scenario [22], in which the kinetic terms are multiplied by a flat metric. We will see in Section [3] 
how these differences change the cosmological implications of warped WL inflation. 
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2.2 Wess-Zumino terms 



In this section we discuss the general form of the WZ action for a probe Dp-brane moving in a 
warped flux compactification. As the background geometry contains only internal fluxes such that 
four dimensional Lorentz invariance is preserved, the Hodge duals of the fluxes have legs in the four 
large dimensions plus some internal components. More concretely, in type IIB theory the following 
internal fluxes -Fi, F^, F^, H3 can be turned on. The RR fluxes have correspondingly Hodge duals 
Fg, Fj and we know that -F5 is self duaF^. The general form for the dual background fluxes and 
the brane magnetic flux, can be expressed as follows: 



B2 = b{y) UJ2 
F2 = f2 ^2 
C^ = Nh-\yy 
Cfs = M7]6{y)^ 
Cs = K7]s{yW 



^ dx^ A • • • A dx^ 
^ dx^ A • • • A dx^ A 02 
^ dx^ A • • • A dx^ A i04 , 



(18) 



where uj2, W2 , 02 and L04 are respectively two and four forms defined suitably in the internal di- 
mensions and normalised such that 



/ UJ2= 0J2= "2 = 1, / ^^4 = 1 , 

-/So "/So "/So J1]a 



S4 

where Sj corresponds to an i-cycle in the internal dimensions. Also /2 is a constant magnetic 
flux on the branes, which in general breaks supersymmetrjQ, and the constants A^, M, K are the 
corresponding flux units. Further, b{y), r]i{y) are some functions of the internal components and 
h{y) is the warp factor (see eq. ([1])). Plugging ([18]) into dH), the WZ contributions boil down to 
general expressions of the form: 



S5WZ = qf^5l d^x^ [Mrjeiy) + Nh-\y) {h{y) + 2W /s)] 



Krjsiy) + MrjQiy) {b{y) + 2^/2) 

+Nh-\y) (I b{yf + 27Ta' /s 6(y) + 



27ra' 



(19) 



(20) 



Notice that in passing from geometric coordinates to four dimensional scalar fields, we have to 
re-scale the functions in as rj^{ip^) = fi^rj^^y), h~^{(p^) = ^^h~^{y), and so on, so that the units 
are correct. Notice also that the WZ terms are independent of the WL fields. 



2.3 Dynamics 

We now look at the dynamics associated to the actions ()17p . (|19p and (|20p coupled to gravity. 
Since we are interested in cosmological solutions, from now on we consider homogeneous fields 
f^it)} Xn{t), independent of spatial position to zeroth ordeiP^ and we take a FLRW ansatz for 

Remember that the dual of an n-form field strength in D-dimensions is defined by 



^^Note however that, when H3 flux is present, a suitable magnetic field F2 has to be turned on D7-branes to 
preserve supersymmetry in warped compactifications [23,26]. 

^*One must keep in mind that the mixed terms in (|f Of) (or (|f 7|) for two field case), will be important for the 
cosmological perturbations analysis when both types of scalar fields, positions and Wilson lines, are evolving. 
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the four dimensional metric Introducing further generic potentials V^{ip^) and Vy^{xn) for the 
canonically normalised fields associated to the positions of the branes and Wilson lines respectively, 
the total 4D action reads: 



(21) 



where the Planck mass is given in terms of the six dimensional volume as Mp^ = Vs/k^q, with 
= (27r)'^(a')'*(7^/2. Also, we have expressed the p-brane Wess-Zumino part in terms of a general 
function -Fp ((/?). The potentials introduced above will arise once coupling to other sectors and other 
effects, like moduli stabilisation, are taken into account. As we will see in the next section, the exact 
form of the potential is not relevant for our analysis. Therefore we do not take in any particular 
form for iil^^l. 

The equations of motion derived from the action (|21|) thus take the form 

H"^ = -^p, (22) 
p + 3H{p + p) = 0, (23) 



Here we have defined a relativistic Lorentz factor as: 

7 = , \ _ , (26) 



1^2 



characteristic of DBI dynamics, where = ip^ip^ gij + XmXnd"^"' ■ H = a/a is the Hubble variable, 
a = a{t) being the scale factor of the FLRW background. The energy density and pressure are 
obtained from the nonzero components of the energy-momentum tensor, which take a perfect fluid 
form with 

Tm = P = f-f-qFp + V, (27) 
Tii= p = qFp- /7~^ - V (no sum in i), (28) 

where we have defined the total potential V{ip,x) = V<fi{^^) + ^x(/t")- These give rise to the 
(variable) equation of state: 

.^.-P_ -l-'-iyf-'-<lf-'Fph-' .29) 



and speed of sound 



2 dp _2 , . 

Cs = 0-^=1 ■ (30) 

Before concluding this section some comments are in order. In the discussion above, we have 
implicitly assumed that the constant magnetic field and the Wilson lines, are turned on the same 



^^However, notice that in the original Wilson line slow roll inflation model [22], a potential of the form V ~ 
— a^/(&^ + x^)™! with a (X f2 and b cc (p, arising from the interaction between two parallel branes in the presence of 
(worldvolume) magnetic flux was found. Including the vacuum contribution, this gave V ^ a + bx'' for x<.b [22]. 
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brane. However it is possible to separate the supersymmetry breaking brane form the inflationary 
brane, as was done in the slow roll WL model [22]. In that case, one brane is responsible for 
generating the potential for the WL inflaton field through a constant magnetic field turned on 
its world volume, whereas a second brane drives inflation via Wilson lines. The discussion above 
carries over in such a case, by simply taking /2 = on the inflationary brane. In the rest of the 
paper, we keep the discussion general by allowing the magnetic and Wilson lines to live on the same 
brane, but one should keep in mind that the two-brane picture just discussed, is also included. 

In what follows, we study the cosmological implications of the system discussed in the present 
section. 



3 Wilson Line DBI Inflation 



In this section, we investigate the consequences of having a Wilson line field playing a role in 
cosmology in a warped set up and, in particular, its implications for inflation. In order to extract 
the phenomenology of warped Wilson line inflation, we concentrate on the case in which only these 
fields are responsible for the cosmological evolution of the four dimensional spacetime. Thus we 
assume that the positions of the wrapped branes have been fixed by some mechanism^. 

Under these considerations, the action in four dimensions relevant for cosmology is (in this 
section we consider only D-branes, that is g = 1) 



^4 



d^Xy 



/oVl 



/o ^ Xn Xm 



+ VUn) + V^o + 



Op 



(31) 



Here we have denoted /o = fifo) with f{ip) given in (fill) and Xn the Wilson line field, defined in 
97^- y^po is the potential for the position field(s), evaluated at the stable point (/?o- 



pB with e-<^o 

Further, Fq^ comes from the WZ term (jl9ti20p . which when evaluated at a fixed position, becomes 
simply a constant. This constant depends on the fluxes and warp factor and can be seen as a 
constant piece added to the Wilson line potential, together with . 

Just as in standard DBI inflation, there is a 'speed limit', XnXm9^^ < fo, coming from the 
nonstandard form of the Wilson line kinetic terms. However, in the present case, the time derivatives 
of the WL fields are not associated directly to brane positions (although indirectly they are, in a 
T-dual picture). In other words, there is no motion of the wrapped probe brane inside the throat. 
Still, there are some backreaction issues which one needs to take into account. 



Backreaction issues 

There are two backreaction issues one has to take care of in order to determine the region of pa- 
rameters where our approximations are consistent. First of all, for a probe D-brane approximation 
to be valid, we have to ensure that the background geometry does not get distorted when we place 
a probe brane on it. This can be easily achieved in a warped flux compactification by taking large 
values of flux, where the supergravity approximation is valid (the curvatures go like ~ {flux)~^). 
Thus, placing a single Dp-brane will not affect the geometry in a considerable way. 

The second issue concerns the backreaction due to the WL approaching the "speed limit' 
We can estimate this effect in terms of a T-dual picture where the WL is mapped to a brane 
location. Therefore, this gives rise to the same type of bound associated to standard DBI inflation, 
as discussed in detail in [11]. We can see this as follows. Consider a D5-brane (the same reasoning 
can be used for a D7-brane) spanning the four large dimensions and wrapping along the and 
y^ internal dimensions, in an AdSsxS^ background, where only flux is present. Now turn on a 

^^Open string moduli like brane positions can be stabilised in the presence of Gz flux and brane magnetic flux, by 
using the technology developed in reference [23]. This has been applied to slow roll Wilson line inflation in [22]. 
^^We thank R. Gregory for discussions on this point. 
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Wilson line along the direction say (assuming that this is possible in some way). We can now 
T-dualise twice along and to get back to a picture of a D3-brane moving at high speed. In 
this dual picture, we can follow the toy model backreaction calculation of [11]. Thus we obtain 
that, in order for the backreaction to be under control, we need [11] 

^(X) « 774 ' (32) 

where i?^ gives (the inverse of) the curvature of the ambient space, and results proportional to 
the fluxes in a warped background. For example, in a Klebanov-Strassler (KS) background, it is 
proportional to (gsM)'^ [5]. Therefore, once again, we require large values of flux for our approx- 
imations to be valid. This condition was hard to achieve in a successful scenario in the standard 
position DBI cases (see [4,10,11,13,16] for more details). 

The attentive reader will have noticed a flaw in the estimation above. Indeed, in a more realistic 
flux compactification as we are interested in, all fluxes are turned on. In particular, an NSNS 
flux. It is known that, when such flux is present, T-duality mixes the metric with the B2 field [28], 
producing a more complicated geometry. For example, a toroidal compactification with B2 flux 
gives rise to twisted tori in the T-dual version [29,30]. For the more complicated case of a Calabi- 
Yau (CY), the T-dual geometry is not a CY manifold anymore [29]. However, AdSsxS^ serves as a 
good toy model to estimate the order of magnitude of the backreaction effects in our scenario, which 
is our main concern here. We expect the same type of relation between the Lorentz contraction 
factor and the ambient curvature to hold also in more complicated geometries. 

3.1 Wilson Line Field Range 

In order to extract all relevant information on how Wilson line DBI inflation works we concentrate 
on single WL field case in what follows. In this situation the Lorentz parameter reduces to 

7= , ^ =• (33) 

Here g^^ refers to a generic metric component associated to the direction along which the WL is 
turned on. Notice that this depends on the background coordinates only, i.e. the brane positions. 
As we are assuming that these have been stabilised, g^^ is just a constant. Its precise value 
is model dependent and will change according to the background geometry under consideration. 
Notice further that this constant has to be included in the canonical normalisation of the WL field. 
Therefore from now on, we redefine the WL field as \fg^x ~^ X- 

In order to determine the range of the WL field in Planck units, we have to look at its associated 
canonically normalised field. From our definition in (jl6p . we can see that the canonically normalised 
WL field is given by (remember that we have included the geometric factor inside x)'- 



X 



gXXg^ 



L2 



A. (34) 



Remember that A E [— 7r,7r], a' = l1 = is the string scale, L is the size of the 1-cycle where 
the WL is turned on, and /o is given by (we discuss the explicit form of this parameter below) 

/o = gf-^'^'^^p J (P-^'i ^detiE^mn) , (35) 

with fip = {2t:)~^ Ms~^^ and all quantities are evaluated at fixed values of the position fields ip^. 
Furthermore, /o has units of [mass]^. 
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We want to extract general statements regarding the field range in terms of generic properties 
of the warped compactifications, in agreement to our approximations. For this, it is convenient to 
work with dimensionless quantities in string units. For example, we define the dimensionless six 
dimensional volume, in string units as Vq = Vq/£^. 

Let us start by rewriting the Planck mass in terms of purely dimensionless quantities and the 
string scale as follows: 

Mh = 7:^^Ml (36) 



Now we rewrite the WL field in terms of dimensionless parameters (in string units) as 



''''9s ^X'. (37) 



Here we have defined fo = fo/Mf and / = L/£s- This expression provides the range of the WL 
field (in Planck units) in a warped compactification in terms of dimensionless parameters (in string 
units). String perturbation expansion requires that we take Qs < 1. Moreover, in order for stringy 
effects to be negligible (such that the 4D approximation is valid), compactification scales have to 
be large in string units. That is, we require that / > 1 as well as Vq^^^ > 1. The value of g^^ 
is model dependent (and dimensionless in our conventions). Finally since the maximum value of 
A = TT, we have that during infiation the range of x is bounded by 



<2Virts7^. (38) 



MpJ ' ^'PVe 

From this expression it is clear that the range of x depends on the geometrical parameters, en- 
coded in fo and g^^ (and the compactification scale). This is the effect of the warping in the WL 
inflationary scenario. In fact, in the flat slow roll case discussed in [22], these two factors are not 
present. 

To see explicitly how the fluxes and the warping enter into the normalisation of the WL field 
in (|38p we need to evaluate fo in terms of generic geometric parameters. As a guiding example we 
consider the Klebanov-Strassler [5] background. This geometry has generic features, which are also 
shared by more general warped backgrounds, as has been studied for example in [24,31]. 

Let us start by looking at the explicit form of each component of 

fo = /io Vp gi"-^^^" I Vdet{Eomn) ■ (39) 

As we have already mentioned, /Xp = {2tt)~'p Mg^^ ■ Further, in the KS solution (and in more 
general flux compactifications), the warp factor at a fixed position in the KS coordinates r (see [5] 
for details) has the form 

ho ~ {gsMa'fe-^/^ ■ h , (40) 

where e is related to the deformation of the conifold and has units e^/^ = [Length], and Iq is the 
integral of the KS solution evaluated at a fixed position, say tq (in the notation of [5]). The integral 
/ in the KS solution is a decreasing function of r and has a maximum at the origin where it has 
a value /(O) ~ 0.71805 [5], thus Iq ^ 0.71805. Remember also that M are the units of 3-form 
flux and in the KS solution, this number is the same for both RR and NSNS 3-form fluxes. Now 
remembering that E^rnn = h^"^ gmn + ds ^^"^{Bmn + 2iTa'Fmn), we can take a'Fmn of the same order 
of magnitude as Bmn- Further, in the KS solution Bmn ~ gsMa'e~^^^ ■ {ko + ko), where ko and ko 
are two functions of the coordinate r [5], which vanish at the tip of the cone, r = 0, and tend to 
r/2 as T — >■ oo. Then we can write: 

Eomn ~ (gy^Ma'e-^/^) [gmngy^ + {ko + ko + /2)] • (41) 



12 



The determinant in (j39p will have the form 



Vdet(Eomn) ~ ( gy'Ma'e-^/^) B^r""^" , (42) 



1 /2 ~ 

where we have defined Bq = [gmnQs + {ko + + /2)]. This can be taken to be of order {ko + k{ 



0) 



once the magnetic field of the same order. Combining this with the definition of /iq and fip we find 

where Ip-s = / dP~'^£, is the volume of the internal {p — 3)-cycle (this can include a wrapping 

number). Notice also that the value of the last term B^ '^^^"^ /Iq can be very large or very small, 
depending on the actual position at which it is evaluated. 

Defining the dimensionless cycle volume Vp_3 = Vp-^/i^~^ and putting it back into the expres- 
sion for /o, we end up with 



Thus the geometrical dependence of the field in ()38p encoded in fo, is given by the amount of flux 
(this coincides with that found in [13]) as well as on the volume of the cycle wrapped by the brane. 
Besides, it depends on the quantity B^q ^^^^//q, whose value depends in turn, on the fixed location 
of the D-brane in the throat. 

It is interesting to compare expression ()38p with that obtained in the single field position DBI 
model. In that case, the range of the inflaton goes like {A^/Mpif < cSM(p-'^)/2, where S is the 
normalisation factor, which for a D3-brane is just 5 = 4 [9], but it depends on the wrapping number 
and geometrical construction for p = 5, 7 [13]. Clearly for a position field (p in the D3-brane case, 
the range of (p, and thus the length of the throat, was constrained to be very small in order to be 
in agreement with the approximations. On the other hand, the D5 and D7-branes gave a slightly 
better result [13]. However in those cases, the backreaction caused by the high speed motion was 
under less control. Also, cosmological constraints gave inconsistent results for all three types of 
standard position DBI inflation in [10,16]. 



3.2 Cosmological Implications 

In this section we derive cosmological consistency constraints for warped Wilson line DBI inflation. 
As we shall see, these constraints are independent of the potential for the inflaton field, which we 
leave unspecified. They are also independent of the specific form of the background geometry, that 
is, the explicit form of fo. This is an important feature as it allows us to bound the theoretical 
parameter region where we can look for potentially successful warped Wilson line inflation, in 
agreement with observations. We will see in the last part of this section that there exist a small 
window of the parameter space where all constraints are satisfied. 



3.2.1 Cosmological Perturbations 

We start by rewriting the equations of motion in the single WL field in the Hamilton-Jacobi 
formalism [32]. Differentiating (j22p with respect to time and using (|23p and (|27ll28p . we find: 
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and solving for x: 

2H' , , 

X = 1 (46) 

iM-f + Af^'H'^ 

where a / means derivative with respect to the WL field. We have explicitly used the dependence 
of 7 on X (eq. ([5])) and have kept the (— ) sign solution, in agreement with equation (j45p . Piecewise 
in regions where x is monotonic, we can use equation (j46|) to eliminate X) and treat the scalar field 
X as the evolution variable to solve for H{x)- Using (j46p we can also find an expression for 7 as: 



7 = ^l + 4M4jo-ii7'2. (47) 
Plugging back (fl5l H6]l and (jTTl) into the Friedmann equation we get 



V{x) = ^ + qFo - V^, - fo^l + AMj,, /o"! H'"^ . (48) 



Let us now have a look at the cosmological perturbation spectrum. For the present model, 
we can simply use the results of inflationary models with general kinetic terms [33] specialised to 
position DBI inflation. In this case, the inflationary parameters are given as follows [33,35]: 



H _ 2Mli fH' 



- 



if2 -1 \H 
Mil H" 



(49) 



2M% H" , , 



Cs _ 2Mli H' 7 



CsH 7 7 ' 

where in the second equalities we have used the relations (|45l I46p . Remember also that 



(51) 



c, = 7-' = VI-/0 X^. (52) 

Assuming slow roll conditions on these parameters during observable inflation, one can obtain 
the amplitudes and spectral indices for the scalar and tensor perturbations. They are given as 
follows [33] 



1 _ 
^ ~ 87r2 M|,, cTe ~ Att^x'^ 
2 



vr2 ' 
l-Us = 4e - 2r/ + 2s , 
nt = -2e , 

r = P^/pI = -8csnt = l6cse, (53) 

where the right hand side quantities are to be evaluated at the time of sound horizon crossing 
kcs = aH (where k is the comoving wave number). The observed normalisation of the CMB 
anisotropy power spectrum implies that Pj = 2.5 x 10^^. On the other hand, the recent WMAP5 
data [34] indicate that = 0.963^0 assumed that r is negligible. If instead one assumes 

r 7^ 0, the bound is given by (WMAP5 combined with BAO and SN data) = 0.969 ± 0.012. The 
upper limit on the scalar to tensor ratio from combined WMAP5+BA0+SN data is r < 0.25 [16,34]. 

An important consequence of DBI inflation, is that the speed of sound is much smaller than the 
speed on light (j52p . because the 7 factor has to reach very large values in order for the potential 
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energy to dominate, producing accelerated expansion. This imphes a departure from purely Gaus- 
sian statistics which can be very large [4] . These deviations are usually quantified in terms of the 
nonlinearity parameter, fi\iL [4]. In the equilateral triangle limit, the leading order contribution to 
this parameter is given by [35] 

/™ = 4(4 - ■ 

This imposes a strong constraint on the speed of sound, or in other words, on the 7 factor. The 
maximum allowed value for /nl, given by the most recent WMAP5 results, is —151 < Jml < 253. 
Therefore, eq. (154p implies 

7 < 21 . (55) 

This is a restrictive bound for the ordinary DBI as well as for WLDBI, where in order to achieve 
enough acceleration, 7 needs to be very large. 



3.2.2 Lyth bound: upper bound on r 

Another important expression which relates the amount of tensor perturbations to the range of the 
inflaton field is provided by the Lyth bound [36], which we use here in the form proposed by [10] 

\MpiJ 8 ^ ' 

Here, AAf < 4 corresponds to the number of e-folds while observable scales are generated [10]. 
Combining the field range bound (I38p with the Lyth bound ()56l) . we find an upper bound on the 
gravitational wave production parameter in the present model. This gives 

r < a^^a (57) 

and it is given in terms of the geometrical quantity fo and the compactification scales I, Vq. 



3.2.3 Lidsey-Huston bounds: lower bounds on r 

We now derive two consistent lower bounds for any Wilson line DBI single field scenario, following 
Lydsey-Huston [10] (see also [16]). These are independent of the form of the potential, which can 
be left unspecified. The lower bounds thus obtained can then be confronted with the upper bound 
coming from the Lyth relation (j57p and with current observations r < 0.25. It is interesting to point 
out that the same analysis performed in the standard position DBI inflationary scenario gave rise 
to two inconsistent bounds for r for all types of branes, questioning the success of the single- field 
position DBI model [10,16] (see however [14]). Let us see how these bounds arise in our scenario. 

Using ([52} H6|) and the definitions of rj and s ([SOj [5T|) . we can rewrite the spectral index as 
follows [10]: 

2s , , 

1 - = 4e + 2 . 58 

1 — 7^ 

Further, making use of (j54p and r in (j53p . this can be re expressed aJ^ 

1-n, = ^v'1-3/7VL + :t|^. (59) 

4 ijNL 

Assuming, as it happens in DBI, that /^vl is large and negative, and that s is very small, in 
agreement with the slow roll conditions used to derive these results, we get that 

\-n,< J^l-3/^L. (60) 

^^This expression coincides with that obtained in [10] when their T = 0, as it should. 



15 



From this relation, we obtain a lower bound on r by using the maximum allowed value for /nl, 
given by the most recent WMAP5 results, —151 < /nl < 253 and those for Ug. This bound 
becomes 

r> 0.008, (61) 

for 1 — Us = 0.043. As pointed out in [16] this is a strong restriction which sets a challenge to the 
models of standard position DBI inflation using also wrapped branes [13]. 

Let us now extract a second lower bound on r for the WL DBI scenario and compare with 
the result in standard DBI. Consider the definition of e in (09]) in terms of H'. Using ()46p in this 
expression, we find 

jj2 _ IX^ 



Plugging this and the relation for r in (1531) into the expression for Pj in eq. (j53p . we obtain 



p2_ 16 r 



Noticing further that = (1 — c^) /o and = 1/(1 — 'ifNi), we find an expression for /o in terms 
of cosmological parameters as follows [10]: 

Thus, we can now use the Planck mass ()36p in the expression above and combine it with (|38p 



and (156p to find a second lower bound, consistent with ()6ip 

.> (63) 

Note that this second bound is independent of /o, but depends as well on the compactification 
scale. Comparing with position DBI inflation, the same line of reasoning above, gave rise to an 
upper bound r < 10"'' [10], thus in clear tension with the previous bound (j6ip . However, in the 
present case, as we have seen, the inflaton WL has a different origin and thus we obtained a second 
lower bound, which is therefore in accordance with (j6ip . 

3.2.4 Consistency of Bounds 

In summary, in order for a warped DBI Wilson line inflationary scenario to be consistent with 
observational constraints, we have to look for solutions within the range of theoretical parameters, 
such that relations (I57p and ()63p are in agreement with the observational current bound, i. e. 



^ 327r(AAA)2 fgl 
- Pi gxxve ' 
r < 0.25 . (64) 

It is not hard to see that the lower and upper bounds are not easy to achieve due to the correlations 
between the geometrical parameters, requiring some amount of fine tuning. However, there exists a 
region of the parameters in agreement with all theoretical approximations, where the bounds above 
can be satisfied. Let us bound this region using our previous analysis of all constraints. 

First of all, observe that in order to get large values of 7, so that potential energy domination 
is ensured, we need fo < 1. On the other hand, from the constraints above (j64p . we would like to 
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keep fo as large as possible. From the expression for fo in eq. ([M]), we see that for a D7-brane, 
it depends on the volume of the internal four-cycle V4, and the value of the quantity Bq/Iq at a 
given position tq. Instead, for a D5-brane, fo depends on the inverse of the flux, which gives a 
small contribution (as in [13]) when M is large (as required by the supergravity approximation). 
This can be compensated with a large value of Bq/Iq and the volume of the two-cycle V2, in order 
to increase the value of fo. Next, the dependence on the six dimensional volume suggest that 
it cannot take very large values. This is in accordance to the fact that we are not looking at a 
large volume approximation, where the effect of the warping becomes negligible. Now, in order for 
stringy effects to be negligible, we require all quantities to be larger than the string scale, that is 
/ > 1 and > 1. Moreover, in general we have Vq > l^. Finally, for the string perturbation 
expansion to be trustable, we require Qs < I and for the supergravity approximation to hold, 
and the backreaction effects to be small (see eq. (|32p ). the amount of flux units has to be large 
QsM ^ 1. Now, before taking specific values for the parameters, we need to remember also that, in 
a warped compactification, the six dimensional volume has a contribution coming from the throat. 
In particular, we have Vq > . In a KS type geometry, Vf^ oc (qsM)'^. Thus, we need to check 
that the Vq and (qsM)'^ are taken consistently. Once the compactification volume is fixed, the value 
of 7 has to satisfy (I55p . Finally, the value of g^^ depends on the actual throat geometry. 

Given all these considerations, for a D7-brane for example, the following set of values for the 
parameters, in string units, satisfies all required conditions: gs = 10~^, / = 4, Ve ~ 8 x 10^, fo ~ 
10^^, Bq/Iq ~ 60, ~ 5, g^^ ~ 5, AM = 1, and produces a tensor spectrum in the range: 

0.16<r< 0.24. (65) 

Therefore, warped DBI Wilson line inflation can potentially give rise to observable gravitational 
waves, as well as large detectable non-Gaussian perturbations. Notice that the values of the param- 
eters above depend on the exact position where the probe brane is sitting, tq. In order to check that 
this can be achieved one needs an explicit geometrical construction where the model can be em- 
bedded. Still, it is remarkable that we can obtain two distinctive features from a string-motivated 
inflationary scenario. 

4 Conclusions 

In this paper we have proposed that a Wilson line, as opposed to position degree of freedom, can be 
responsible for driving inflation in a DBI fashion. We derived in generality the DBI-I-WZ actions 
describing Wilson lines as well as Dp-brane position fields. As we saw, once these two different 
types of fields are present, mixed kinetic terms arise. These can have important consequences for 
multifield inflation led by Wilson line and position fields. We coupled this general action to gravity, 
in order to study cosmology. To single out the cosmological properties of Wilson line fields with 
non standard kinetic terms, we assumed that open string moduli associated to brane positions can 
be stabilised (e.g. in the presence of 3- form flux using the techniques developed in [23]). 

For concreteness, and in order to compare our DBI Wilson line scenario with the more studied 
position DBI models, we restricted our study to a single WL fleld. We determined the normalisation 
of the canonical WL fields and saw that, as expected, it picks up geometric and flux dependent 
factors, in contrast to the flat slow roll version of Wilson line inflation [22]. 

We determined consistency relations, both from theoretical as well as cosmological points of 
view. Prom the theoretical side, we pointed out the necessary restrictions on the parameters in 
order for the required approximations to be valid. First, for the brane gravitational backreaction 
to be negligible, the probe brane limit requires large background flux values. The supergravity 
approximation also requires large values of flux, as these dictate the curvature of the ambient space, 
which needs to be small. String perturbation theory implies that the string coupling be small, and 
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the requirement that stringy effects remain neghgible imphes that compactification scales in string 
units have to be larger than one. A less trivial constraint comes from the backreaction due to the 
large values of the WL "velocities" . Wc estimated this effect in a simple way using T-duality, then 
giving the same type of bound as in the position DBI scenario [11]. This gives a good estimate 
of this effect, but as we discussed, a more accurate calculation may be needed in a more realistic 
compactification with fluxes. 

On the cosmological side, we derived bounds on the tensor to scalar ratio, r, independent of 
the form of the inflaton potential. Interestingly enough, given the different origin on the WL 
field as compared to positions, we found that DBI Wilson line inflation gives consistent bounds 
on r. Moreover, agreement of the Lyth bound combined with the Lidsey-Huston bound, allows 
a large value for r and thus an observable gravitational wave spectrum. Wc showed that there 
exist a range of values for the parameters, where the model can be realised. Taking into account 
all requirements, we presented an explicit set of values in the case of a D7-brane which can then 
produce large nonlinearities /iVL as well as large gravitational waves r. 

Recently, there has been some effort in trying to construct inflationary models within string 
theory, which can produce observable gravitational waves [14,37,38]. It is thus remarkable that 
DBI Wilson line inflation provides yet another example where observable gravitational waves can 
be produced. Even more interesting is the fact that warped WL DBI inflation produces large non- 
Gaussianitics as well. Therefore, if both gravitational waves and non-Gaussianities are observed, 
the models in [37, 38] will be excluded whereas WL DBI inflation could still survive. 

Before ending, we point out that, just like all models of brane inflation to date, our scenario has 
some important challenges to overcome. Perhaps the most obvious one concerns the construction 
of a realistic theoretical set up, where DBI WL inflation can be embedded, as wc have already 
mentioned. Given the two distinctive features of the present scenario, which we singled out in this 
paper, investigation on the theoretical side deserves further attention. We plan to come back to 
this in the future. 

Another challenge of the present scenario may be related to the observation in [2] (see also [15]) 
related to position DBI inflation. It basically requires that the backreaction caused by the effects 
which produce the potential for the position field, be small such that the geometry probed by the 
brane remains (almost) unchanged. It is easy to see that the line of reasoning in [2] (and [15]) does 
not apply to the Wilson lines since they are not related to the geometry itself, or in other words, 
to the warp factor. At first sight, therefore, it is not obvious that the same problem would arise 
in the Wilson line DBI scenario, once position fields have been successfully stabilised. However, 
it remains to be seen whether position fields can be stabilised without affecting the Wilson line 
moduli. Clearly to address this and other issues, we require a more concrete realisation of the 
present set up. One could imagine already a toy model in five dimensional brane world model a la 
RS [39], along the lines of [40], where some of these questions can be answered [41]. 

Further to this, there are several avenues that can be explored in warped Wilson Line DBI 
inflation. Perhaps the most natural one regards multifield inflation. In fact, in a more realistic 
stringy inflationary scenario, we expect more fields to play a role in the cosmological evolution of 
the universe. For example, brane positions as well as Wilson lines could both drive inflation, and 
as we have seen mixed kinetic terms can arise. Multifield DBI inflation has been studied recently 
in [11,12,17]. It would be interesting to use these results to combine position and WL DBI scenarios. 
We leave these and other open issues for future investigation. 
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